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Abstract—Filtration problems with drains and sources are
considered in the porous media, where the drains and sources are
modeled by delta-functions. Depending on coefficient magnitudes
compared to the microscale parameter, three filtering modes are
identified and described for the filtration problems. This classifies
and simulates possible modes, for example, of modern oil
production in problem wells, at least for the model inhomogeneous
porous media under consideration. In all these cases, asymptotic
approximations of solutions to such problems are obtained.
Estimates of the accuracy of such asymptotic approximations are
also presented. The estimates are necessary for computer
simulation for the filtration problems with suitable accuracy. In
turn, this makes it possible, instead of a direct (for example,
numerical) solution to a rather complex problem for small
microscales, to solve a simpler homogenized problem and receive
a description of processes with guaranteed accuracy.

Anomauyia—IIpodyaemu ¢inbTpauii 3i crokamu Ta 1KepesaMu
PO3rJISI1aI0THCSl B MOPHCTHX CepeloBHINAX, e CTOKH Ta JKepesa
MOJEJIIThCS  JeJbTa-QYHKIIAMU. 3ajle:KHO Bix BeJIHYHHH
KoedinieHTa B MOPIiBHAHHI 3 MiKpoMacIITA0HUM MapaMeTpoM
izenTH(dikoBaHO Ta omucaHO TPpH pexxuMuU QiabTpamii 1js 3axa4
dinpTpanii. Ile kaacugpikye Ta Momeqr0€e MOKJIUBI peKHUMHU,
HaNPHKJIAJ, CYYacHOr0 BHAOOYTKY Ha(TH B NPOGJIeMHHX
CBEep/VIOBHHAX, NPUHAWMHI 111 MOJEJbHOT0 HEOXHOPiTHOTO
MOPHCTOTO cepe0BUIIA, 10 PO3TIISAAAEThLCS. Y BCiX HUX BHIIAAKAX
OTPUMAHI ACHMNTOTHYHI HAa0JIMKEHHS PO3B'A3KIB TAKHX 3aJa4.
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HaBegeHo TakoX OHIHKH TOYHOCTI TAKHUX ACHMOTOTHYHHX
HaOawxkenb. Lli ominkm HeoOXigHi 18 KOMI'IOTEPHOro
MoOJeNIOBaHHS 3aaa4 ¢inbTpauii 3 Hane:xkHow TouHicTIO. Lle, y
CBOI0 4epry, [Ja€ 3MOry 3aMiCTh MNpsMoOro (HaNpHKJIa,
YHCEeJIBHOT0) PO3B’A3KY AOCHTH CKJIATHOI 3agadi JJasi Majux
MikpomacmiTadiB po3B’si3aTH OiIbII MPOCTY TOMOreHi30BaHy
3agadyy i oTpUMAaTH Mojeieil mpoueciB i3 rapaHToBaHOIO
TOYHICTIO.
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. INTRODUCTION

Mathematical modeling of filtration processes in
heterogeneous environments with extended horizontal drains
and sources is important when planning optimal environmental
management, developing methods for preventing technogenic
pollution of groundwater and finding ways to purify such
waters from pollution. So, recently it has become clear that
extended horizontal wells are more efficient in oil and gas
production. Thus, there is a need to study models of such
processes and describe possible regimes for optimal
purification of groundwater from pollution, oil production and
gas production. Modeling such processes using direct methods
of engineering observations is expensive and practically
impossible, since to research filtration in real inhomogeneous
porous media it is necessary to install a large number of sensors
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at different depths and large areas. Thus, mathematical
modeling is the only way to investigate and optimize methods
for rational extraction, purification and prevention of
groundwater pollution. At the same time, through such
extended horizontal wells it is possible to actually influence and
optimize similar filtration and pumping processes that are used,
for example, in gas and oil production. Some mathematical
models of such influence in various modes will be discussed
here.

In order to simulate filtration processes, it is natural to
choose a suitable model of an inhomogeneous porous medium.
Such media with a periodic structure are modeled most simply,
since to describe such media it is enough to define only a
periodicity cell and then periodically continue such a cell with
suitable periods. This approach using periodic media makes it
possible to quite accurately determine possible filtration modes
and implement computer simulation of such processes. In turn,
generalizations of this approach to random and stochastic
continuous media are known, but the implementation of
computer simulation in this case is problematic, since models
of such media are based on infinite-dimensional
implementations of random processes. It may be emphasized
that homogeneous porous media are usually studied [1], the
characteristics of which are obtained from considerations of
some kind of averaging over volumes without any justification
for the transitions.

II. FILTRATION IN MEDIA WITH DRAINS AND SOURCES‘

Periodic media formed by a large number of cells, which
may be inhomogeneous, will be considered. This approach
defines a multiscale heterogeneous porous medium. Taking the
multiscales into account, the modeling leads to the dependence
of the coefficients of the equations on a small parameter
characterizing the scales of the media and filtration ratio, which
can determine different filtration regimes. This kind of research
to problems with several parameters for periodic media is
presented in [2], where further details can be found. This leads
to homogenized (averaged) boundary value problems for
equations with constant coefficients, the solutions of which are
approximations of the solution to the problem for porous media
(characterized by several parameters), as well as to estimates of
the accuracy of such approximations for solutions to the
considered problems.

Another approach to modeling filtration processes in
periodic media is presented, for example, in [3], where a
detailed bibliography may be found. With this approach, two-
scale homogenized problems are established. However, the
two-scale homogenized problems depend on two micro and
macro variables and the type of such equations is not clear.
Moreover, in this case, the accuracy of the two-scale
approximation is unclear. Examples of direct numerical
simulations for such filtration and heat transfer problems and
comparisons with experiments are given in [4]. The
optimization method for filtration problems with point sources
proposed and studied in [5] and [6].

I1l. FILTRATION MODES IN PERIODIC CONTINUOUS MEDIA

Boundary value problems for second order differential
elliptic equations with drains and sources will be considered.

Such drains and sources in the filtration problems under
consideration will be modeled by delta functions of suitable
dimension. Here, results [7] on the regularity of solutions to
these problems are significantly used. Additionally, when
deriving homogenized models, the algorithm of asymptotic
expansions for solutions presented in [2] is essentially used. In
the resulting homogenized models, micro and macro variables
are separated, which simplifies the understanding of possible
filtering regimes in the problems under consideration. There
can be three such filtering modes, depending on the asymptotic
relationships of the coefficients of the equations of such
problems. Namely, these are the modes of weak filtration and
transfer, transfer and weak filtration, homogenized filtration
and transfer. So, in all cases, instead of a direct solution of a
complex problem for a small scale, one can solve homogenized
problem and get a description of the model with guaranteed
accuracy. When deriving models of these regimes, the filtration,
transport and potentiality coefficients of the equations are taken
into account in comparison with the scale of the inhomogeneous
multiscale continuum.

Thus, the presented modes describe, respectively, weak
transfer and filtration, homogenized transfer and weak
filtration, homogenized filtration and transfer. This classifies
and models the likely possible regimes, for example, of modern
oil production in problematic wells, at least for the considered
model of heterogeneous porous media. So, in the first case there
is virtually no filtering or transfer. In the second, mass transfer
occurs in a direction determined by homogenized coefficients.
In the latter case, normal filtration and transfer are again defined
by homogenized coefficients, as partially presented in [2]. This
approach allows, instead of a direct (for example, numerical and
computer) solution of a rather complex problem for small
microscales, to solve a simpler homogenized problem and get
process models with guaranteed accuracy. In turn, sometimes
homogenized problems can be solved analytically in explicit
form.
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